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Abstract. We describe a theoretical model which treats the effects of evaporation-induced recoil on the mass
and temperature distributions of a collimated beam of small neutral clusters emitted by a hot-nozzle source.
The model incorporates two important consequences of in-flight cluster fragmentation processes. One is
the well-known statistical evaporation of atoms and dimers accompanied by cluster size redistribution
and cooling, and the other is the accompanying mechanical recoil of the fragments. We predict that the
filtering effect introduced by cluster recoil can be used to an advantage by separating out the off-axis cluster
population. This fraction will have a significantly narrower and colder distribution of internal temperatures
than the on-axis ensemble.

PACS. 36.40.Qv Stability and fragmentation of clusters – 82.20.Db Transition state theory and statistical
theories of rate constants

1 Introduction

Observations on free atomic clusters are sensitive to ther-
mal effects. In many situations it is desirable to work
with an ensemble of clusters which have as low and well-
defined energy as possible. But for beams of free clusters
that are generated in hot expansion sources, it is diffi-
cult to lower and control their temperature. Such is the
situation, for example, with alkali clusters. For these, tech-
niques such as the use of thermalization flow tubes [1–3],
low-temperature laser vaporization [4], and the entrap-
ment of clusters inside cold helium nanodroplets [5,6] have
proven successful, but they have limitations. For example,
thermalization tubes have been used with beams of alkali
cluster ions and neutral particles containing �50 atoms,
but not with smaller clusters, whose production requires
supersonic rather than condensation sources. Condensa-
tion by 4Hen droplet pickup ensures cooling to 0.37 K,
but aggregation and fragmentation-free detection of al-
kali species remains so far an extremely challenging prob-
lem [7].

We propose and theoretically analyze another possible
method of separating an ensemble of clusters possessing
both a reduced temperature and a reduced temperature
distribution width. The method relies on the phenomena
of evaporation and recoil. Specifically, it takes advantage
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of the fact that when a hot cluster flying in a beam evapo-
rates an atom or a dimer, the resulting “daughter” cluster
will have (1) a reduced internal energy and (2) a mod-
ified direction of motion due to mechanical recoil. As a
result, as will be demonstrated below for the case of a jet
of hot clusters produced in a supersonic expansion, if the
detector blocks off the central part of the beam and fo-
cuses on the population on the periphery, the latter will
be made up of evaporation products with a much lower
internal temperature and a much narrower temperature
distribution than the on-line population.

In Section 2, we review the statistical formalism de-
scribing evaporation from finite systems, define the beam
geometry, and describe the model calculation. Section 3
presents the results and a discussion.

2 Cluster beam as a collimated evaporative
ensemble

A schematic view of the basic experimental geometry ad-
dressed here is shown in Figure 1. To be specific, we dis-
cuss the case of a sodium cluster beam [8], but the general
approach is applicable to a variety of systems.

A neutral cluster beam is generated in a hot source
with a supersonic expansion nozzle. It passes through a
skimmer and then, following a long free-flight path, en-
ters the detector through a collimating aperture. Here the
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Fig. 1. Outline of the modelled beam geometry. The supersonic beam exits from a hot nozzle, passes a 0.2-mm skimmer
and continues through three collimating apertures. Their distances to the nozzle and diameters are L1 = 0.2 m, L2 = 0.3 m,
L3 = 0.5 m and D1 = 0.8 mm, D2 = 1.2 mm, D3 = 2.0 mm. The detector plane is Ld = 2.0 m from the nozzle. As described in
the text, a radius r0 = 7 mm separates the “on-axis” and “off-axis” zones.

clusters are photoionized, mass selected, and detected by
an ion counter.

Our interest is in sampling the internal energies of clus-
ters which evaporate in-flight during a well defined time
interval, as the basis of a procedure to select clusters with
a relatively narrow excitation energy distribution. This
is accomplished by exploiting the recoil of the evaporat-
ing clusters, which positions these particles off-axis in the
beam. This evaporative recoil effect has previously been
put to quantitative use in studies of kinetic energy release
and cluster thermometry, see, e.g., references [9–13] and
references therein. To accomplish the selection we intro-
duce three additional collimating apertures in the beam-
line, as shown in Figure 1, to reject the clusters which
evaporate outside the desired window.

The effect of the apertures can be understood as fol-
lows. The first aperture collimates the beam. Nevertheless,
since a large fraction of the cluster population undergoes
evaporation before reaching this aperture (the evapora-
tion rate strongly decreases with time), there would be
some clusters able to pass through it while still possessing
some transverse recoil velocity. They would make a signifi-
cant contribution to the off-axis signal at the detector, but
this effect is strongly reduced by the last aperture. Once
these two apertures are installed, the dominant remaining
uncontrolled component of the off-axis distribution would
come from those clusters which pass through the first aper-
ture under an angle and evaporate again, recoil through
the last aperture and land off-axis in the detector plane.
This fairly small amount is efficiently removed by adding
the middle aperture.

In the simulation described below, the evaporation
events are tracked as an ensemble of clusters that moves
from the source to the detector plane. The coordinates of
all clusters reaching the detector plane were recorded, as
were the position of their last evaporation. This informa-
tion allowed us to define the optimal “off-axis” detection
region. Even though the greatest beam intensity is found,
of course, on-axis, this signal represents a broad mixture
of components from clusters with all possible evaporation
histories [14]. However, off-axis one finds only those clus-

ters which evaporate during the last stage of their flight
path (almost exclusively after Aperture 2).

For the conditions analyzed here (as defined in the cap-
tion to Fig. 1), it turned out that a convenient boundary
between the “on-axis” and “off-axis” regions corresponds
to a radial displacement of r0 = 7 mm. That is to say,
we will compare the cluster populations hitting the de-
tector plane at distances less than and greater than r0

away from the apparatus axis. The chosen value, while
relatively large, is neither impractical nor rigid. As will be
shown in the next section, the assumed collimation leaves
a detectable amount of flux.

Thus we wish to follow the internal energies and trajec-
tories of the clusters as they travel from the source towards
the detector. This is done by a Monte Carlo simulation,
starting with an ensemble of clusters leaving the nozzle.
In flight, each of them has a certain probability of evapo-
rating an atom or a dimer. As a result of the evaporation,
two things happen: (1) the cluster acquires a certain recoil
velocity, and (2) its internal temperature drops, reducing
the probability of further fragmentation events.

A quantitative application of this model requires sev-
eral components: an expression for the fragmentation
probability as a function of the cluster’s internal energy E
and dissociation energy D, a knowledge of the kinetic en-
ergy released when atoms evaporate from the cluster, a
knowledge of the cluster dissociation energies, and an as-
sumption about the initial thermal and spatial distribu-
tions of the beam. The first two ingredients are provided
by the statistical Weisskopf formalism for nuclear evapo-
ration [15,16] adapted to clusters [17–20]:

k(E, ε)dε =
gµ

π2�3
σ(ε) ε

ρdaughter(E − D − ε)
ρparent(E)

dε, (1)

where g is the spin degeneracy of the evaporating atom
(g = 2 for sodium), ε its kinetic energy, µ the reduced
mass of the atom and the cluster, and ρ the energy level
densities of the daughter and parent cluster, as indicated.
The cross-section, σ(ε), is that for the reverse process, i.e.,
for the capture of an atom or a dimer by a cluster.
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This formula was first applied to clusters by
Engelking [21] who analyzed the decay of CO2 clusters
assuming a geometric capture cross section and an energy
level density ρ ∝ Es−1, where s is the number of vibra-
tional modes. This form represents the level density for a
collection of harmonic oscillators in the high temperature
limit, i.e., when the energy per degree of freedom is sig-
nificantly higher than the vibrational energy quantum. It
is known in molecular physics as the Kassel model [22].
That is, it is assumed that the thermal excitation energy
is shared between s = 3n−6 harmonic vibrational modes.
A special case is that of the Einstein model where all fre-
quencies are identical, νi = ν [23].

Neither the Einstein nor the Kassel model are very
accurate for hot, especially molten, clusters. However, as
shown in [18,20], for alkali metals the inaccuracies appear
to compensate each other and yield results close to those
given by more quantitatively elaborate models. A more
important reason for adopting this approximation here is
the fact that the dissociation energies which will be em-
ployed below have been extracted from experimental data
by using precisely this level density parametrization [24].
Thus the errors will cancel out to a degree, and using
other parametrizations [18,25] and more realistic caloric
curves [26] here would be neither self-consistent nor more
precise.

For the same reason we use the same expression for the
dimer evaporation rate constant as for the monomer. It is
well-known that the frequency factors for the two cases are
not the same because of different phase space factors [27],
but if this difference were included without modifying the
dimer binding energies [24], it would lead to too high a
dimer evaporation rate and to a serious overestimate of
recoil effects for certain cluster sizes.

Additionally, for thermal evaporation of neutral frag-
ments from neutral clusters the capture cross section can
be taken to be approximately independent [10] of ε and
equal to the geometrical cross section (i.e., a unity sticking
coefficient).

With the above approximations, the expression for the
evaporation rate constant of the n-atom cluster becomes

kn = 8πσµν3(3n − 7)
(E − Dn)3n−8

(E)3n−7
. (2)

As mentioned, the cluster dissociation energies
Dn (∼0.6−1.2 eV) are taken from the measurements of
Bréchignac et al. [24] on Na+

n ions. Since the stabilities
of simple metal clusters are governed by the number
of valence electrons, we take D(Nan) ≈ D(Na+

n+1).
As there have been no measurements of dissociation
energies for neutral alkali clusters in this size range,
an alternative would be to invoke a Born-Haber cycle
to calculate these numbers from the cluster ionization
potentials (IP) [4,28,29]. The results are close (generally,
within the experimental IP scatter) to the isoelectronic
ion values [29], so using the latter for D(Nan) is a
reasonable approximation. Finally, the frequency ν in
equation (2) is taken to be the Debye frequency of the
solid metal, as in [24].

In addition to the evaporation rate, a calculation fo-
cusing on recoil effects requires information on the distri-
bution of kinetic energies of the atom. From equation (1),
irrespective of the precise functional form of the level den-
sity, this distribution can to a good approximation be
expressed as [18]

I(ε)dε = Aεe−ε/kBT dε, (3)

(assuming an energy-independent σ). Here T , the temper-
ature of the daughter cluster, is used as a measure of its
internal energy contents [15,16]:

1
kBT

≡ ∂(ln ρ)
∂E

. (4)

For a system of harmonic oscillators, T is related to the
thermal excitation energy via [30] E = (3n − 6)kBT . To
reiterate, this approximation is made in order to be con-
sistent with the choice adopted in [24].

The simulation launched clusters from the z = 0
(source) plane with initial velocity and spatial distribu-
tions described below. While in flight, the clusters were
allowed to decay by monomer and dimer evaporation, with
the branching between the two channels decided randomly
with probabilities given by the relative magnitudes of the
two rate constants. The distribution of evaporation kinetic
energies was generated according to equation (3) with
standard procedures [32]. The recoil velocities were gener-
ated by multiplying the evaporation speed by an isotrop-
ically distributed unit vector, and scaling to obtain the
daughter cluster velocity. At the end of the flight path,
clusters reaching the detector plane were binned according
to their mass, the distance from the beam axis, and the in-
ternal energy. Typically, 108 clusters were launched in each
simulation with ∼10% of the total reaching the detector
plane and between 1−15% (depending on the cluster size)
of the latter amount landing in the “off-axis” zone.

The starting distributions of cluster mass, tempera-
ture, and flow ideally would come from a model of the clus-
ter formation process, but the present state of the theory
is far from being able to provide such details [33–36]. The
most effective approach to date remains the semi-empirical
description given by Hagena [37]; this picture describes the
basic parameters under which nucleation can take place,
but does not give values for the abundance spectra to be
expected. We therefore adopt some simple schematic ini-
tial conditions which are adequate for a characterization
of the proposed picture.

For the original cluster population, we assume a simple
rectangular distribution of cluster abundances from n = 5
to n = 35. For the initial temperature distribution, we
similarly take a rectangular distribution centered around
T0 = 900 K, which is slightly above the typical temper-
ature of a supersonic alkali cluster source reservoir due
to the additional heating induced by passage through the
hot nozzle and by the heat of cluster condensation. A
precise value is very difficult to establish with confidence
but the simulation is not very sensitive to this parameter.
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The width of the distribution is calculated as [38–40]

kB∆Tn ≈ D(Nan)
3n − 6

. (5)

This gives us, for example, a width of ±100 K for Na20.
Finally, we need to define the geometrical trajectories

followed by the newly condensed clusters as they leave
the formation zone in (or very close to) the nozzle [34,35].
In principle, this is an extraordinarily complicated fluid-
dynamical problem involving motion along expansion
flow lines, collision processes, longitudinal and transverse
velocity distributions, and other entanglements.

We define an elementary geometry which aims to re-
flect the fact that collisions with the carrier gas may ef-
fectively diminish cluster recoil following fragmentation.
Thus clusters that evaporate heavily in the proximity of
the nozzle are prevented from leaving the beam and are
kept along the pathway of the expansion streamlines. In
order to simulate this effect, we introduce a “constrained
expansion length” lc: the clusters evaporate freely while
within lc of the nozzle, but are constrained to move in the
forward direction. The value chosen here, lc ≈ 0.1 mm, is
about 30% larger than the diameter of the nozzle and fits
with the fact that for an axially symmetric expansion the
number of constraining collisions decreases very rapidly
with the distance to the nozzle [35].

After this first stage, the resulting cluster mass and
temperature distributions are used as a starting point for
the second stage. The second stage of the cluster path is
approximated by distributing the cluster population uni-
formly within the skimmer opening and assigning to it a
transverse velocity spread equal to the width of the exper-
imentally measured longitudinal velocity distribution [41]
(〈v‖〉 = 1100 m/s, v⊥ ≈ ∆v‖ = 150 m/s). This picture is
close to the wide virtual source concept as described in
reference [42]. During this second stage, which terminates
at the detector plane, the clusters move freely between
evaporations within the constraints imposed by the aper-
tures [43].

It should be clear that the main physical mechanism
addressed in the paper, i.e., the significant cooling and
narrowing of the cluster internal energy distribution, is
quite general and does not depend on the specific assump-
tions of the simulation.

3 Results

Figure 2 compares the modelled abundance spectra of the
“on-axis” and “off-axis” ensembles. While shell edge ef-
fects are visible in both, the position of the “center of
mass” and other details differ significantly. An observa-
tion of such differences could serve as an experimental test
of the predicted behavior. Note that even though in the
present geometry the off-axis intensity is approximately an
order of magnitude weaker than the on-axis one, it should
remain readily detectable in a cluster beam apparatus.

The inset in Figure 2 shows a typical experimentally
measured mass spectrum in a supersonic alkali cluster

Fig. 2. A comparison of the “on-axis” (a) and “off-axis”
(b) cluster abundance spectra modelled as described in the
text. The variations in abundances are created by in-flight
evaporation, as the initial distribution emitted by the source
was assumed to be flat from Na5 through Na35. Insert: an ex-
perimental sodium cluster mass spectrum [45] (optimized for
enhanced production in the Na8 − Na20 size range).

beam apparatus [45]. The simulation of on-axis intensi-
ties correctly describes the rearrangement of the initially
smooth size distribution into a shell pattern. A more pre-
cise match to the experimental data calls for an improved
knowledge of the starting distribution of nucleated clus-
ters and of neutral cluster dissociation energies [46].

Figure 3 compares the widths of the internal energy
distribution calculated for some selected cluster sizes ar-
riving at the detector. It can be seen immediately that, as
expected, the off-axis distribution is noticeably narrower
than the on-axis one, and its center is shifted towards
lower energies. This is summarized in Figure 4 for the en-
tire modelled population.

The following calculation can account for the behavior
of the widths. The energy distribution of the full ensemble
of daughters (clusters detected on- and off-axis) will have
approximately the same width as the parent ensemble: on
the order of the dissociation energy, cf. equation (5). The
width of the on-axis distribution will be only slightly less,
and can therefore be estimated as

∆Eon−axis ∼ D/
√

12, (6)
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Fig. 3. Histograms of the internal energy distributions of sev-
eral cluster sizes reaching the detector plane at a distance less
(left column) and greater (right column) than r0 from the beam
axis. Note the different energy scales of the two columns. The
narrowing and cooling of the distribution is due to the recoil
effect as discussed in the text.

where D is the average dissociation energy. The square
root appears as the root-mean-square (RMS) deviation of
a simple rectangular distribution. With D ∼ 0.9 eV, this
estimate yields ∆Eon−axis ∼ 0.25 eV, close to the RMS
widths of the simulated values. This estimate could be
further improved by accounting for parent-daughter dis-
sociation energy differences [40], i.e., shell effects (thus in-
troducing oscillations about the mean value of ∆Eon−axis)
and by including the dimer evaporation channel.

The off-axis internal energy distributions are signifi-
cantly narrower than the on-axis ones, because the former
ensemble consists just of those clusters which evaporate
during a narrow time window. It is narrow in the sense
that it covers only a factor of four in the flight time, which
is to be compared with the tremendous difference between
the intrinsic scale of the evaporation rate constants (on the
order of 10−15 s) and the time it takes the beam to reach
the collimating apertures (t0 ∼ 1 ms). (Note, therefore,
that the narrowing effect is rather general. For example,
it can also be achieved with beams of cluster ions by ap-
propriate gating.)

Because the rate constant k(E) is strongly depen-
dent on the internal energy, the population of clusters
which evaporates between the collimation apertures (and

Fig. 4. Mean values (top) and standard (RMS) deviations
(bottom) of the calculated internal energy distributions of
sodium clusters reaching the detector plane. A significant cool-
ing and width reduction is evident for the recoiled off-axis clus-
ters. Dashed lines: theoretical estimates, equations (6, 9), of the
expected root-mean-square energy distribution widths for the
clusters detected on- and off-axis.

thereby contributes to the off-axis signal) is narrowly lo-
calized in energy: it includes only those clusters for which

k(E)t0 ≈ 1. (7)

Clusters with a higher (lower) internal energy contents
evaporate too early (too late). To make this argument
more quantitative and to derive an estimate for the width
of the corresponding energy distribution, consider that
the latter can be represented by the “survival function”,
P (E) = exp [−k(E)t0]. (The skewness caused by dimer
decay results in minor modifications which, as for the on-
axis distributions, need not be considered here.) As was
just stated, this function exhibits a rapid crossover from 1
to 0 at a certain value of the internal energy. The energy
distribution of the recoiled clusters can therefore be cal-
culated from the width of this crossover region.

The condition (7) corresponds to the inflection point
of P (E). To a first approximation, then, the width of
the crossover region can be taken to be ∆P/(dP/dE) =
−1/(dP/dE), with the derivative evaluated at the in-
flection point. Approximating the rate constant (2) for



344 The European Physical Journal D

sufficiently large n as

k(E) ≈ ω

(
1 − D

E

)3n−7

, (8)

we can calculate the RMS energy spread as

∆Eoff−axis ≈ 1√
12

−1
dP/dE

= D
e√

12(3n − 7)
x

(x − 1)2
,

(9)
where x = (ωt0)1/(3n−7). Inserting ω ≈ 1015 s−1, t0 ≈
10−3 s, and D ≈ 0.9 eV, we obtain the lines shown in
Figure 4. The RMS width is found to grow approximately
linear with n, after an onset below n = 3, in good agree-
ment with the simulation model.

4 Conclusions

We have described a model analyzing the energy distri-
butions and abundance spectra of clusters generated by
hot evaporative sources. It accounts for two concomitant
thermal effects: (a) evolution of cluster sizes and tempera-
tures through evaporation cascades (“evaporative ensem-
ble” theory), as well as (b) evaporation-induced cluster
recoil. The second effect can be put to use in order to
control the shape of the internal energy distribution of a
cluster beam.

A simple geometrical model for the production and
flow of the initial cluster distribution achieves a reasonable
reproduction of the experimental mass spectra. Further-
more, it is shown that by using realistic beam collimation
parameters it is possible to reduce the width of the tem-
perature distribution of arriving clusters by as much as a
factor of 2−10, and to shift it towards significantly lower
temperatures. This effect is due to a bias introduced by
the recoil ejection of fragment clusters. It is predicted,
therefore, that the details of mass and temperature distri-
butions of cluster beams can be modified by varying the
beam collimation parameters.
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nating these calculations. The work of K.H. was supported by
the Swedish Research Council (VR). The work of V.K. was
supported by the U.S. National Science Foundation (Grant
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